The interplay between symmetry and topology in electronic band structures has been one of the central subjects in condensed-matter physics. Recently, it has been getting clear that a wide variety of useful information about the band topology can be extracted by focusing the symmetry representations of valence bands without computing Wilson loops. In this work, we extend the previous studies on this subject to all 10 Altland-Zirnbauer symmetry classes in each of 230 space groups. We derive various general statements that should be useful in the search for topological superconductors and topological semimetals.
I. INTRODUCTION
The discoveries of topological insulators, topological superconductors [1, 2] , and topological semimetals [3] have attracted researchers around the world because of their robust surface properties and intriguing bulk responses, which will have many future applications in the innovation of new devices. Establishing the full classification of all possible topologically distinct band structures, given the specific symmetry setting and the dimensionality of the system, is one of the ultimate goals of theoretical studies of topological phases. The "topological periodic table" [4] [5] [6] is a milestone in this line of research, providing the complete classification of topological insulators for each of the 10 Altland-Zirnbauer (AZ) symmetry classes [7] in each spatial dimension. The AZ symmetry class concerns the combination of thee internal symmetriesthe time-reversal symmetry (TRS) Θ, the particle-hole symmetry (PHS) Ξ, and the chiral symmetry (CS) Π -which cannot be simply diagonalized together with the Hamiltonian.
Apart from these internal symmetries and the lattice translation symmetry, crystalline materials may also posses spatial symmetries such as the spatial inversion, mirror refections, and n-fold rotations as well as other nonsymmorphic symmetries. The combination of these operations give rise to in total 230 different space groups in three dimensions and 80 distinct layer groups [8] . The latter is relevant for two dimensional systems embedded in three dimensions like graphene. The spatial symmetry can also protect new topological phases, leading to the notion of topological crystalline insulators. Mirror Chern insulators protected by a mirror symmetry [9] are perhaps the most well-established example, but higher-order topological insulators (HOTIs) [10] [11] [12] [13] that exhibit lower dimensional gapless modes on the surfaces are also stabilized by crystalline symmetries. There are many on-going attempts [14] [15] [16] [17] [18] trying to establish the complete characterization of topological insulators for every combination of AZ symmetry classes and spacial symmetries.
Not only giving birth to new topological phases, the spatial symmetries also play an important role in the diagnosis of the topological property of band structures. The representative example of this phenomenon is known as the Fu-Kane * haruki.watanabe@ap.t.u-tokyo.ac.jp formula [19] . If time-reversal symmetric insulators are also endowed with the inversion symmetry, the product of parity eigenvalues at time-reversal invariant momenta (TRIMs) informs us of both the weak and strong Z 2 indices. Similarly, in time-reversal breaking insulators with the n-fold rotation symmetry, the product of rotation eigenvalues determines the Chern number modulo n [20] . Recently, this type of relations between the band topology and the symmetry representations in the band structure are further investigated and extended to wider class of spatial symmetries, i.e., 230 space groups [21] [22] [23] and 1651 magnetic space groups [24] , and to more general class of band topology including HOTIs [25] [26] [27] . The generalized Fu-Kane formula, dubbed as "symmetry indicator" of band topology, significantly reduces the effort of computing the topological indices and thus should be useful in the actual material search [28] [29] [30] [31] .
As we review in Sec. II, the symmetry indicator X BS for a given symmetry setting takes the form of a finite Abelian group i Z ni [see Eq. (1)]. The previous study [21] computed this group structure and tabulated the results exhaustively for three AZ symmetry classes, A (no internal symmetries), AI (TRS with Θ 2 = +1 is added to A), and AII (TRS with Θ 2 = −1 is added to A), for every space group in d-dimensions (d = 1, 2, and 3). However, the physical meaning of each Z n factor of X BS is not obvious from this table alone, and it has been the subject of recent follow-up studies. This problem has been addressed for class AI [23] and AII [27, 32] , but has been left untouched for class A. The first major result of this work is to clarify the physical manifestation of the symmetry indicator in class A in detail, to the same level as done for class AI and AII.
Armed with the improved understanding on these three fundamental classes, we then proceed to the seven remaining AZ symmetry classes, motivated by the future application to identifying new topological superconductors. We first study the group structure of the symmetry indicator, and then clarify their physical meaning. There are several previous works along this line in some limiting cases [33] [34] [35] , but our results are more comprehensive and unified in the sense it coherently covers all AZ symmetry classes altogether. We summarize our finings in the form of statements (i)-(viii) below. In particular, statement (ii) in Sec. IV is the most fundamental result of this work, which says the group structure of symmetry indicators are not affected by the presence of PHS or CS, although their physical manifestation can be altered as clarified by other arXiv:1807.01091v3 [cond-mat.mtrl-sci] 24 Sep 2018 
statements. This paper is organized as follows. In Sec. II, we review the general formulation and the definition of symmetry indicators. Section III clarifies the physical meaning of the symmetry indicators for class A. In Sec. IV we derive the symmetry indicators for other internal symmetry classes. The physical properties of each indicator for these symmetry classes are examined in Sec. V.
II. REVIEW OF SYMMETRY INDICATORS
We start with reviewing the basics of the symmetry indicators. Let us imagine a set of connected valence bands that is isolated from conduction bands by a nonzero band gap at least at high-symmetry momenta. The band gap may vanish at generic momenta where the little group G k is trivial. Let n α k be the number of irreducible representations u α k appearing in the set of bands at each high-symmetry momentum k. Here, α labels irreducible representations of the little G k . One has to use projective representations (or, double-valued representations [36] ) for spinful electrons [37] . Thanks to the assumed band gap at high-symmetry momenta, n α k is well-defined even when the band gap closes at some generic momenta. Collecting n α k for all inequivalent high-symmetry momenta and all irreducible representations, we can extract the set of integers b = {n α k }, which contains useful information on the topology of the valence bands.
The integers {n α k } must satisfy several kinds of nontrivial constraints, the so-called compatibility relations. Some of these constraints are intrinsic to the assumed space group and some of them originate purely from TRS in the case of class AI and AII. See Refs. [21, 24] for more details. Conversely, if all the compatibility relations are fulfilled, there exists a band structure with this combination of {n α k }. We write the set of all valid combinations as {BS}.
To diagnose the band topology based on the symmetry data {n α k }, we compare {n α k } of our interest against those corresponding to atomic insulators [21] . In an atomic insulator, every electron is localized to a local atomic orbital without any hopping, forming a product state in the real space. Atomic insulators thus provide trivial combinations of n } ∈ {BS} that does not belong to {AI}, it must exhibit some sort of nontrivial topology since the mismatch of representations serves as an obstacle to adiabatically connect to any atomic insulator.
Finally, one can obtain a classification of nontrivial combinations of representations {n α k } akin to K-theory by noting that both {BS} and {AI}, when negative integers are allowed, form abelian groups of the same rank d. Since atomic insulators are a special kind of band insulators [21] , {AI} is a subgroup of {BS} so that the quotient group
is well defined. This is what we call the symmetry indicator of band topology [21] .
III. INTERPRETATION OF SYMMETRY INDICATORS FOR CLASS A
As explained in the introduction, the physical implication of symmetry indicators has been left unclear for class A (the class without any internal symmetries; hence no TRS is assumed), although this is the most elementary symmetry class among the 10 AZ classes. We address this issue in this section.
A. Inversion symmetry
Let us first develop some intuition using examples of spinful electrons symmetric under the d-dimensional lattice translation and the spatial inversion (Table I) . We begin with one dimension and then proceed to higher dimensions. To simplify the notation we will always set the lattice constant to be unity.
1D
The rod group p1 is generated by the 1D translation and the spatial inversion I with I 2 = 1. Integers n α kx (α = ±) count the number of even and odd parity eigenvalues at the two 1D TRIMs k x = 0, π. The only compatibility condition in this case is α=± n α 0 = α=± n α π that equals the total number of filled bands. It can be readily shown that {BS} = {AI} ( Z 3 ) so that the quotient X BS is trivial. The product of the inversion parities at TRIMs is related to the Berry phase B quantized to 0 or π:
kx=0,π (−1) [38] . However, the fact that X BS = 1 implies that there is always a corresponding atomic limit regardless of B = 0 or π. This conclusion is common among classes A, AI, and AII.
2D
The layer group p1 is generated by the 2D translation together with the inversion I. The product of inversion parities at the four 2D TRIMs η ≡ kx,ky=0,π (−1) n − (kx ,ky ) distinguishes elements in {AI} and {BS}: η can be ±1 in general but is constrained to be +1 for those corresponding to an atomic insulator. In fact, η determines the Chern number modulo two, i.e., η = (−1) C [20] , which explains the indicator X BS = Z 2 for this group. Note that nonzero Chern numbers are allowed only in the absence of TRS. Therefore, η = −1 cannot be realized by insulators in class AI or AII -η = −1 implies a Dirac semimetal in class AI [23] and η is fixed to +1 due to the Kramers degeneracy in class AII. This difference in 2D results with/without TRS persists to 3D as we will see now.
3D
Finally, let us discuss the symmetry indicator for class A under the space group P1 generated by 3D translation and the inversion I. The indicator is found to be X BS = (Z 2 ) 3 × Z 4 . The three factors of Z 2 can be understood as the weak phases of stacked 2D Chern insulators discussed in the previous section [ Fig. 1 (a) ], while the Z 4 factor includes intrinsically 3D strong phases [ Fig. 1 
We can express elements of
νa (a = x, y, z) agrees with the product of the inversion parities at four TRIMs on the k a = π plane, and µ 1 is defined as a half of the sum, not the product, of the inversion parities over the eight TRIMs:
In phases with an odd µ 1 [ Fig. 1 (b) ], the parity of the Chern number on the k z = 0 plane and that on the k z = π plane must be opposite. This forces the band gap to vanish somewhere in the Brillouin zone, realizing a Weyl semimetal [39] . Again, this phase requires the absence of TRS. The most nontrivial indicator is (0, 0, 0; 2), in which the band gap can be nonzero everywhere and the Chern number may vanish in all the fixed k a planes in the 3D Brillouin zone. Even if this is the case, the insulator should still realize at least a HOTI exhibiting one-dimensional chiral hinge modes on the surface. The easiest way to see this is to perturb a strong topological insulator. In the presence of TRS, the parity combination shown in Fig. 1 (c) implies the strong Z 2 index [19] . If the TRS is weakly broken by an external magnetic field respecting the inversion symmetry and preserving the bulk gap, surface Dirac modes will be gapped out but there must be a one-dimensional domain wall at which the normal component of the magnetic field vanishes, hosting a chiral mode as illustrated in Fig. 1 (c) . A tight-binding model for this phase is presented in Eq. (9) below [40] . Another way to see this is via an alternating stacking of Chern insulators with the +1 and −1 Chern numbers [see Fig. 1 (d) ], forming an antiferromagnetic Chern insulator [41] [42] [43] . When the translation symmetry along the z axis is relaxed, pairs of anti-propagating chiral modes can gap out each other, leaving behind an odd number of chiral modes protected by the inversion symmetry. Alternatively, one can explicitly construct a surface Dirac theory to see the behavior of the mass term under the inversion symmetry [26, 27] . The symmetry indicators have ambiguities as stressed in Refs. [27, 32] and the (0, 0, 0; 2) phase can also be a ferromagnetic stacking of Chern insulators [see Fig. 1 (d) ].
B. Other space groups
To achieve the understanding of X BS for class A in other space groups in 3D, it is sufficient to discuss the seven key space groups summarized in Table II , since those space groups not on this list (but with nontrivial X BS ) are either a supergroup of at least one of key space groups or some form of their variations (with a few minor exceptions discussed in Sec. III C). See Tables IV and V in the Appendix for the detailed grouping of 230 space groups. Note that the choice of key space groups for class A differs from the choice in Ref. [32] for class AII, because the presence or absence of TRS fundamentally affects the possible topology and their relation to representations as we have seen through examples in Sec. III A. As we have already discussed P1 in the previous section, we will discuss the rest of six key space groups one by one in the following. Readers not interested in the details can skip to Sec. III C.
P n
Space group P n (n = 2, 3, 4, 6) is generated by n-fold rotation about the z axis and the translation symmetry. On each fixed k z plane, rotation eigenvalues diagnose the Chern num- 
ber modulo n [20] . Correspondingly, X BS = Z n . The generator of this group can be given by stacking Chern insulators with C = 1.
P n/m
Space group P n/m (P 2/m, P6, P 4/m, and P 6/m) has an additional mirror plane M z orthogonal to the rotation axis of P n. In this case, one can define a mirror Chern number (mCh) C kz ± on the k z = 0 and the k z = π plane for each mirror sector. Two weak mirror Chern insulators (for the two mirror eigenvalues) account for two factors of Z n . The remaining Z n factor is a strong phase that can be time-reversal symmetric, in which the mirror Chern number on the k z = 0 plane is C 0 + = −C 0 − = 0 while those on the k z = 0 plane vanish.
P4
Space group P4 is generated by the four-fold rotoinversion S 4 (the four-fold rotation followed by the inversion) and the translation. The rotoinversion S 4 also diagnoses the Chern number mod 4 and it gives a weak Chern insulator, corresponding the Z 4 factor in X BS , in which the Chern numbers on the k z = 0 and the k z = π plane are the same. Since S 4 is not a symmetry unless k z = 0 or π, the Chern number on these two planes can differ by 4n + 2. In this case there must be Weyl points somewhere in between 0 < k z < π. This phase corresponds to one of the two Z 2 factors in X BS .
The remaining Z 2 factor is related to a HOTI. This phase can be characterized by the sum of the S 4 -eigenvalues of valence bands at the four S 4 invariant momenta 
Atomic insulators can change the value of µ 4 only by 2 ± 2i. Therefore, insulators with µ 4 = 2 or 2i, for example, must be nontrivial. We can construct an insulator with this indicator by an antiferromagnetic stacking of Chern insulators, just as we have discussed for P1. When the translation symmetry is broken while keeping the S 4 symmetry, the insulator must exhibit an odd number of chiral 1D modes on the surface.
P mmm for spinful electrons
Space group P mmm for spinful electrons has the same form of indicators as P1, i.e., X BS = (Z 2 ) 3 × Z 4 , but their interpretations are different. P mmm has three orthogonal mirror symmetries M x , M y , and M z in addition to P1. All the representations at TRIMs become two dimensional due to the algebra M x M y = −M y M x = M z , effectively forming Kramers' pairs (i.e., each band is paired with another one with the same inversion parity but the opposite mirror eigenvalue at TRIMs). Therefore, one can use the index for class AII introduced in Refs. [27, 32] :
The generator of each Z 2 factor is given by stacking mirror Chern insulators. Insulators with an odd κ 1 can be seen as the To characterize the remaining Z 8 factor, note that P 4/mmm also contains both P1 and P4 as subgroups. Because of the three orthogonal mirrors M x , M y and M z , all the representations effectively form Kramers' pairs. As we discussed in the previous section, in this case µ 1 for P1 is enhanced to κ 1 . Similarly, µ 4 is enhanced to κ 4 , introduced for class AII system in Refs. [27, 32] :
The index for the Z 8 factor is given by ∆ ≡ κ 1 − 2κ 4 mod 8. ∆ mod 4 agrees with the difference of mirror Chern number on the k z = 0 plane and the k x = π plane. In insulators with ∆ = 4 mod 8, the mirror Chern numbers on the k x = 0, π planes can all vanish. Even in that case the insulator still exhibits a helical edge mode on its surface as discussed in Ref.
[27].
P cc2 for spinless electrons
Space group P cc2 is generated by two-fold rotation C 2z : (x, y, z) → (−x, −y, z), the glide symmetry G z : (x, y, z) → (x, −y, z + 1 2 ), and the lattice translation. The indicator is X BS = Z 2 for spinless electrons, while it is trivial for spinful electrons. To understand this, note that G z and C 2z commute for the spinless case. As a result, irreducible representations are all one-dimensional and are given by C 2z = ξ 1 and G z = ξ 2 e −ikz/2 (ξ 1 = ±1 and ξ 2 = ±1) on every high-symmetry line [(0, 0, k z ), (π, 0, k z ), (0, π, k z ), and (π, π, k z )]. Because of the nonsymmorphic nature of G z , the representation (ξ 1 , ξ 2 ) has to be paired with (ξ 1 , −ξ 2 ), so that each rotation eigenvalue appears an even number of times. Namely, if we denote by n ± k the number of ±1 eigenvalues of C 2z on each high-symmetry line, n ± k 's are all even. Given this, we define
This index is always even for atomic insulators. One way of realizing an insulator with an odd µ 1 is to start with a Chern insulator with C = +1 on the z = 0 plane. The glide operation (G z ) n (n ∈ Z) will convert this Chern insulator to a Chern insulator with C = (−1) n on the z = n/2 plane. Gathering all of these planes, we get an antiferromagnetic stacking of Chern insulators with nontrivial Z 2 index protected by glide symmetry [44] .
C. Summary
After all, above discussions suggest that (i) In 2D, every X BS nontrivial phases in class A is either a Chern insulator or a mirror Chern insulator. The statement also applies to weak phases in 3D corresponding to stacked 2D insulators (see the column X (w) BS in Table II ). In contrast, there are variety of intrinsically 3D phases indicated by X (s) BS in Table II . Some strong phases in 3D are Weyl semimetal (e.g., insulators with an odd µ 1 in P1 and for a Z 2 -indicator in P4). Some others are strong mirror Chern insulators in which the mirror Chern numbers in the k z = 0, π planes are different (e.g., insulators with an odd κ 1 in P mmm and for a Z n -insulator in P n/m). There are also HOTI phases with either chiral edge modes [(0, 0, 0, 2) phases for P1 and 
IV. SYMMETRY INDICATORS FOR OTHER SYMMETRY CLASSES
Now that we have understood the physical meaning of the most of the indicators for class A as summarized, let us ask what happens if we add internal symmetries to the above discussion. We examine the effect of the TRS Θ, the PHS Ξ, and the CS Π one by one. To simplify the discussion here we will always assume the chemical potential µ to be particle-hole symmetric, i.e., µ = 0.
Let us start with the TRS, which is antiunitary and satisfies ΘH k = H − k Θ. If |u k denotes the Bloch state with the momentum k and the energy k < 0, the state Θ|u k has the inverted momentum − k but the same energy k < 0 [ Fig. 2  (b) ]. Depending on the value of Θ 2 = ±1, |u k and Θ|u k may or may not belong to the same band, but in either case Θ maps a valence band to a valence band. As a result, adding Θ may increase the compatibility relations imposed on the combinations of representations {n α k }. Therefore, {BS}, {AI}, and X BS can be all altered in the presence of Θ, and one has to separately work out for class A, AI, and AII one by one. This calculation is performed exhaustively for all 230 space groups in Ref. [21] and the results are indeed different among the three symmetry settings.
The remaining question is whether one has to repeat the same calculation for other seven symmetry classes in Ta-ble III. Here we argue that one does not have to, since none of {BS}, {AI}, or X BS is affected by adding either the PHS Ξ (antiunitary) or the CS Π (unitary). To see this, note that Ξ and Π, individually, interchange a valence band and a conduction band. As suggested by ΞH k = −H − k Ξ and ΠH k = −H k Π, the Bloch state Ξ|u k has the momentum − k and the energy − k > 0 [ Fig. 2 (c) ], while Π|u k has the momentum k and the energy − k > 0 [ Fig. 2 (d) ]. Therefore, neither Ξ or Π enhances the constraints on the combinations of representations {n α k } of valence bands. Thus, (ii) Symmetry classes with the same TR property (i.e., in the same same column in Table III) have the identical indicators.
Combining (ii) with the fact that X BS for class A, AI, and AII in 1D are all trivial in 1D [21] , we conclude (iii) There does not exist any symmetry indicator in 1D in any symmetry class.
In other words, the combination of representations alone can never diagnose the nontrivial entries of the topological periodic table in 1D, such as the Z 2 index for class D.
Note that the way we formulated the problem always starts with the Hamiltonian H k in the class A, AI, or AII and then adds either the CS or the PHS symmetry. Even the BCS Hamiltonian for superconductors that explicitly breaks the electron number conservation possesses a U(1) symmetry when written in the Nambu representation. As far as the symmetry representations are concerned this formulation is the most convenient.
V. INTERPRETATION OF SYMMETRY INDICATORS
Here we discuss the properties of the phases indicated by X BS in the presence of the additional CS or PHS.
A. Class AIII in 2D
We have shown in the previous section that the symmetry indicators X BS for classes A and AIII, for instance, are the same. This immediately raises the following question. As we have seen above, almost all indicators for class A are associated with Chern numbers. However, nonzero Chern numbers are prohibited in class AIII as suggested by the absence of a TABLE III. Grouping the 10 Altland-Zirnbauer symmetry classes based on their time-reversal properties. K represents the complex conjugation.
Additional symm. A (no Θ) Z factor in the topological periodic table for class AIII in 2D. This statement can also be readily derived by combining the two facts: (i) the sum of the Chern numbers for the valence bands and the conduction bands must vanish (C v + C c = 0) and (ii) the Chern number for the valence bands and the conduction bands must be the same (C v = C c ) due to the CS Π. If indicators are the same despite this apparent difference between class A and AIII, what kind of topology does the nontrivial indicator imply in the presence of the CS? To answer this question, recall that we did not assume a band gap at generic momenta at which the little group G k is no larger than just the translation subgroup of the space group. Suppose that the combination of representations {n α k } is such that it implies a nonzero Chern number as far as the band gap does not vanish over the entire Brillouin zone. Then the only way the valence band can evade the prohibited Chern number is via gap closing somewhere inside of the Brillouin zone. Combining this argument with (i) and (ii), we find that (iv) In 2D, Every X BS nontrivial band structure for class AIII must be gapless. The statement also applies to weak phases in 3D.
To demonstrate our argument through a simple exercise, let us start with a model symmetric under the layer group p1:
in which the inversion symmetry I is represented by τ z . Here, τ a (a = x, y, z) are Pauli matrices (we reserve σ i for Pauli matrices associated with spin). As explained above, the product of the parity eigenvalues over the four TRIMs Γ = (0, 0), X = (π, 0), Y = (0, π), M = (π, π) determines the Chern number modulo two.
For the model in Eq. (7), the parity eigenvalues at all TRIMs are +1 when m > 2. As m decreases, a band inversion occurs when m = 2 and the parity eigenvalue at Γ becomes −1 while those at other TRIMs stay unchanged for 0 < m < 2. Consequently, the Chern number of the lower band jumps from 0 to 1 in this process. The band dispersion for m = 3, 2, and 1 are illustrated in Fig. 3 (a) , and the corresponding inversion parities are shown in Fig. 3 (b) . Now let us add the CS Π = τ x to the model by dropping the term proportional to τ x :
The inversion parities at TRIMs are unchanged from the previous model and the product of parity eigenvalues becomes −1 when |m| ≤ 1. In this range of the parameter the band structure becomes gapless as shown in Fig. 3 (c) . This is precisely what we predicted above -the would-be Chern insulator for class A becomes gapless due to the added CS that prohibits a nonzero Chern number. This line of reasoning was recently used to prove that all the X BS nontrivial phases have nodal points or nodal lines in class AI [23] .
B. Class AIII in 3D
As a more nontrivial example, let us consider the following 3D models:
This model is precisely the inversion symmetric topological insulator under a uniform magnetic field B z discussed in Sec. III A 3. The inversion symmetry is represented by I = τ z σ 0 and the TRS T = −iτ 0 σ y K is broken by the magnetic field. As far as |B z | < 1, the parity eigenvalues of valence bands are identical to those in Fig. 1 (c) and the model realizes a HOTI with a chiral edge mode, in which the 3D bulk and 2D surfaces are completely gapped, as illustrated in Fig. 1 (c) . Now let us introduce the CS to H A k . First we use Π = τ x σ x . Again dropping the first term in H A k , we get
The would-be HOTI, exhibiting a chiral edge mode, can be smoothly deformed to a 2D Chern insulator [40] , but such a phase is strictly prohibited in class AIII. Therefore the bulk band gap has to vanish somewhere in the Brillouin zone, forming nodal lines protected by the CS (just in the same way as the product of the inversion symmetry and the TRS for spinless electrons does). Indeed, the band structure of the current model hosts two nodal rings as shown in Fig. 4 (a) . Intriguingly, the two rings are not removable even when they are shrunk to a point, as required by the above argument. To see the stability of nodal rings more explicitly, let us demonstrate the nontrivial topology inherited to them, following Ref. 46 . To this end, we choose a new basis in which the CS and the Hamiltonian take the form We take a circle around one of the two nodal rings, illustrated in Fig. 4 (b) , and parametrize as k(t) with t ∈ [0, 1]. Along this circle, det q k(t) does not vanish and
is well-defined (modulo 2π). The nodal ring is topologically protected by the nontrivial winding of θ(t) as a function of Fig. 4 (c) . Now let us use another representation Π = τ y σ 0 of the CS. To respect this CS, we have to drop the magnetic field term and get
This time the surface Dirac mode cannot be gapped out by the magnetic field, since the term B z τ 0 σ z is not compatible with the current choice of the CS. Therefore, we cannot identify the insulating phase as a HOTI, and the bulk dispersion can remain gapped unlike the previous case.
C. Other symmetry classes
Let us discuss the remaining symmetry classes. First of all, since X BS for class BDI and CI are the same as class AI and since all phases with nontrivial indicators are gapless in class AI [23] , it immediately follows that (v) Every X BS nontrivial band structure for class BDI and CI must be gapless just as in class AI.
Our conclusion that the band structure cannot have a full band gap whenever the indicator is nontrivial in these symmetry classes also implies a no-go theorem:
(vi) There does not exist any symmetry indicator that diagnoses the gapped phases in AI, BDI, or CI. The same is true for class AIII in 2D.
We can readily generalize the discussion to other symmetry settings. For example, the Chern number is constrained to be even in class C. In class CII, the Z 2 quantum spin Hall index must be trivial [4] [5] [6] . Therefore, (vii) Every band structure for class C and CII is gapless if its X BS indicates a prohibited topological index, i.e., any odd Chern number for class C and the nontrivial quantum spin Hall index for class CII. This observation is consistent with earlier works [33] [34] [35] .
VI. DISCUSSIONS
In this work, we generalized the previous studies on symmetry indicators to the 10 AZ symmetry classes in each of 230 space groups all together. We derived several kinds of general statements that predict topological semimetals or topological superconductors based on the symmetry representations of the valence bands.
An obvious future work will be covering all 1651 magnetic space groups. For each magnetic space group and for each choice of whether electrons have spin (which determines Θ 2 = ±1), there can still be four symmetry settings: (i) without PHS or CS, (ii) with PHS (Ξ 2 = +1), (iii) with PHS (Ξ 2 = −1), and (iv) with CS but no PHS. Our argument that adding PHS or CS does not affect the symmetry indicators still holds, but the interpretation part requires more detailed analysis. 
